We have determined the coexistence at positive temperature between a Wigner crystal and a uid plasma using path integral Monte Carlo. The total energies are signi cantly di erent from classical and semi-classical predictions. The location of the phase transition between liquid and solid is higher in temperature than predicted by a generalized Lindemann criterion.
An important model in the study of many body systems is the one component plasma (OCP), which consists of some type of charged particle (an atomic nucleus, for example), and a rigid neutralizing background. When the particles are fully ionized atoms, the OCP is thought to be a good approximation to the interiors of compact stellar remnants such as white dwarfs. Crystallization plays an important role in the evolution of such objects 1] since the cooling rate for white dwarfs strongly depends on the phase of the matter in the star { whether free thermal motion or lattice vibrations are the central cooling mechanism. Equivalently, if the particles are electrons in a uniform positive neutralizing background, then we are modeling the homogeneous electron gas, or \jellium," a model for electrons in a solid. If m is the mass of the particles under study and Ze their charge, then a 0 = h 2 =2m(Ze) 2 is a natural length scale, and Ry = h 2 =2ma 2 0 the energy scale (the usual rydbergs, if the particles are electrons). The dimensionless ratio, r s = a=a 0 , where a = (3V=4 N) 1=3 , is used to construct the dimensionless classical coupling parameter, ? = (Ze) 2 Signi cantly less has been said regarding the quantum e ects on the melting point of the OCP. Until very recently, classical studies were thought to be su cient for most astrophysical systems, since the DeBroglie wavelength, measured relative to the separation a, is less than unity. The OCP has so far been simulated at zero temperature by Ceperley Chabrier 15] has instead used a generalized Lindemann criterion based on an analytic harmonic crystal model, interpolated between zero temperature and the classical regime, to nd that, although the energies in both phases may be strongly a ected by quantum e ects, the transition is still close to the classical prediction over much of the region of interest. Nagata, Nagara, and Nakamura 16] used a new expansion scheme to add quantum corrections to the SDD uid energies, along with PIMC calculations of the solid phase.
We have used path integral Monte Carlo (PIMC) to study the state of the OCP at nite temperature, and thus directly calculated the importance of quantum e ects in the two phases. The PIMC method allows us to simulate quantum systems at nite temperature with no uncontrolled approximations 17{20]. The long range nature of the Coulomb interaction presents a critical di culty, but is tractable with recent methods 21, 22] .
To locate the transition between the crystal and liquid phases in the OCP, we use two criteria; dynamical melting and free energy crossing. The dynamical melting criterion simply brackets the location of the phase transition between simulations in either phase by examining whether a given phase is stable. To determine the phase of each individual simulation, either observing the value of the total energy relative to its neighboring temperatures or examining the structure factor was enough. This method is simple, but many long simulations are needed to pinpoint the transition, and the dependence on the size of the system is signi cant.
The free energy crossing (determined by thermodynamic integration of the total ener-gies) is easily adjusted for size dependence, as we discuss below. We have sampled many temperatures (in both phases) at four speci c densities (r s = 1200; 200; 160; 100), and various densities (again in both phases) at three xed temperatures ( = 18750; 23437:5; 37500), as shown by the points in Fig. 1 . The crossed points represent simulations in the crystal phase, and the open points the liquid phase. In order to determine the dependence of the total energy upon the nite size of the system, we studied selected temperatures in the simulations at r s = 1200 and r s = 200. The crystal phase size dependence was observed to vary inversely with N and r 3=2 s . No temperature dependence was evident in the size correction term for the crystal phase, enabling us to extrapolate to the thermodynamic limit using the expression,
For the liquid phase, we found instead that E N ? E 1 = (:035 (18) ? 0:0018(1)?) =Nr s :
The crystal size dependence is within a standard deviation of that of Ceperley 23] , and the liquid size dependence reduces to that of SDD 7] as ? ! 1. The e ect of the size dependence on the melting transition is taken into account by including the size correction term (appropriately integrated) in the free energy.
To determine the free energy we t the total crystal energy with an anharmonic form,
A similar expression may be used to t the liquid energy data at low temperatures. The exceptional case is for r s 190, where (for both the crystal and low temperature liquid) the t was made to (E ? E 0 )=N = a 0 + c=? 3=2 . This expression is more slowly varying in ?
than Eq. (3), and more accurately re ects the energy dependence at larger densities. Fig.  2 shows our crystal energy data (points with error bars and solid lines) at several densities as a function of ?. The solid points at zero temperature are the Monte Carlo values of Ceperley 23] . The dashed curves are the energies of the harmonic crystal model proposed by Chabrier 15] . The extrapolation of the present results to zero temperature is in good agreement with the previous zero temperature calculations (within error bars). We also note that the harmonic model is not adequate to describe the nite temperature energies, although it does appear to do well at extremely low temperature, and for densities where the total energy is very slowly varying with respect to temperature. The liquid energies at constant density show a much stronger temperature dependence, so they become much more challenging to t. There is no satisfactory microscopic model of quantum liquids to use to obtain a simple expansion scheme, but we found that an expansion of the liquid energy in terms of ? The freezing transition (determined using the free energies), before allowing for nite size e ects, was consistent with the dynamical melting point observed in the simulations. We have found that size e ects, which favor the crystal phase, shift the transition point by approximately 10% over the N = 54 melting point. This brings the transition to 4 plots the Lindemann's ratio, , of the OCP crystal determined by the PIMC simulations, and compares it with Chabrier's harmonic model. Note the importance of anharmonic e ects even at relatively low temperatures for the larger densities. The Lindemann ratio is more sensitive to these e ects than is the total energy. Our results for the Lindemann ratio do not show nite size dependence within our statistical errors.
The slope of the melting curve can also be determined by using the Clausius-Clapeyron relation in conjunction with thermodynamic quantities found using PIMC. We work in the r ?1 s ?T plane, since the uniform rigid background xes the microscopic density, in contrast to the uncharged system, where pressure and temperature would be speci ed. The di erential of the free energy, F, is given by
where K N is the average kinetic energy per particle. Then a rst order transition line in the OCP (with bose, fermi, or boltzmann statistics) obeys the di erential equation 
Eventually, a turning point is reached (in our PIMC data between r s = 160 and r s = 200 ), when E N ' ? K N , and the slope becomes singular. Near the top of the phase diagram, E N ! 0, and the slope is very small. Table I lists our PIMC determined slope at r s = 1200; 200; and 160 predicted by the above relation, as well as the energy di erences K N and E N . We note that E N 0 over the complete phase diagram, while K N is positive and increasing as one follows the phase boundary from the classical to the quantum regime. This behavior indicates that the slope of the melting curve is negative (but very small) near the quantum T = 0 melting point.
The phase diagram illustrated in Fig. 1 summarizes our description of the liquid-crystal boundary in the OCP. Included in Fig. 1 are the size independent transition points from our OCP data, along with Chabrier's prediction. Our analysis nds the crystal phase more stable than that of Chabrier. From this phase diagram, we see a maximum melting temperature, T = 6:0(5) 10 ?5 Ry, at a density of r s = 180 (20) . For the electron gas, this corresponds to T = 9:5(8) K at n = 2:8(9) 10 17 e ? =cm 3 , while for a carbon plasma, T = 2:7(2) 10 8 K at = 2:7(9) 10 12 g=cm 3 .
Quantum statistics, neglected here, will play a role in the region below the dash-dotted line in Fig. 1 ), where particle statistics become important for a system of interacting bosons. For bosons there will be a triple point (crystal, normal uid, and super uid) located near the maximum melting temperature.
We have presented a PIMC study of the OCP freezing transition at nite temperature. We have found that the solid{liquid boundary is quite close to the classical line for an extended portion of the phase diagram, far further than expected based upon a consideration of the generalized Lindemann melting criterion. The Lindemann criterion fails due to the large anharmonic e ects present in the crystal phase. Although the quantum e ects are relatively large near the transition, quantum contributions to the two phases are nearly equal, making the classical prediction of the melting point valid for a large portion of the OCP phase diagram.
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The dash-dotted line is the projected super uid/normal uid transition temperature based upon that of 4 He 19] . Points with error bars are our PIMC melting points. The solid line is provided only to guide the eye.
